Abstract. Let k be a real quadratic field and p an odd prime number which splits in k. In a previous work, the author gave a sufficient condition for the Iwasawa invariant λp(k) of the cyclotomic Zp-extension of k to be zero. The purpose of this paper is to study the case p = 3 of this result and give new examples of k with λ 3 (k) = 0, by using information on the initial layer of the cyclotomic Z 3 -extension of k.
Introduction
Let k be a finite totally real extension of the field of rational numbers Q. Let p be a fixed prime number and Z p the ring of p-adic integers. We denote by λ p (k), µ p (k) and ν p (k) the Iwasawa invariants of the cyclotomic Z p -extension of k for p (cf. [8] ). In Greenberg's paper [7] , both λ p (k) and µ p (k) were conjectured to be zero. However, Greenberg's conjecture is not yet proven, even for real quadratic fields, although we know by the Ferrero-Washington theorem that µ p (k) is always zero when k is an abelian extension of Q (cf. [1] ).
Let k be a real quadratic field and p an odd prime number which splits in k. In a previous paper [10] , we gave a sufficient condition for λ p (k) to be zero. In the present paper, we first define two invariants n (r) 0 and n (r) 2 for k and p, and rewrite our previous result in terms of these invariants. Next, using this result for p = 3, we will give some examples of k with λ 3 (k) = 0, which are of a new type. For this purpose, we will compute n Let k be a real quadratic field with class number h and fundamental unit ε, and p an odd prime number which splits in k, namely, (p) = pp in k where p = p . Then we can choose α ∈ k such that p h = (α). Fukuda and Komatsu [5] defined two invariants n 1 , n 2 ∈ N for k and p, by
Here p n a means that p n |a and p n+1 a for an ideal a of k. Though the choice of α is not unique, n 1 is uniquely determined under the condition n 1 ≤ n 2 .
For the cyclotomic Z p -extension
let p n be the unique prime ideal of k n lying above p , d n the order of p n in the ideal class group of k n and E n the unit group of k n . For m ≥ n ≥ 0, we denote by N m,n the norm map from k m to k n . Now we fix an integer r ≥ 0. Then we can choose β r ∈ k r such that p r dr = (β r ). We define two other invariants n
2 ∈ N for k and p, by
As in the case of n 1 , n
0 is uniquely determined under the condition n
2 , though the choice of β r is not unique. Put n 0 = n
0 is a generalization of m r , which was defined in [10] under the assumptions that p h and n 2 ≥ 2.
Let A n be the p-primary part of the ideal class group of k n and ζ p a primitive pth root of unity. For the CM -field k
+ is the maximal real subfield of k * . Noting Theorem 1 of [5] and Lemma 3 of [10] , we may rewrite Theorem 2 of [10] as follows, which is a generalization of the results of Fukuda and Komatsu in [2] and [5] . Theorem 1. Let k be a real quadratic field and p an odd prime number which splits in k. Fix an integer r ≥ 0. Assume that
2 , then we have λ p (k) = 0. Greenberg, Fukuda, Komatsu and Wada gave a number of examples of k with λ p (k) = 0 in three cases where n 1 = 1, 2 ≤ n 1 = n 2 and n 1 = n 2 = 2 (cf. [2, 5, 6, 7] ). However, in the case where n 1 = n 2 ≥ 3, no examples of such k's have been given until now. In the rest of this paper, we will give some examples of k with λ 3 (k) = 0 in the cases where n 1 = n 2 = 3, 4 and 5, using Theorem 1 for p = 3 and r = 1.
where d is the discriminant of k (cf. the proof of Theorem 10.10 in [11] ). Therefore, we will compute n (1) 0 and n (1) 2 for p = 3 to achieve our purpose. for p = 3. Let k 1 be the initial layer of the cyclotomic Z 3 -extension of k and Q 1 = Q(θ), where θ = 2 cos(2π/9). Then
Computation of the invariants n
or √ m according as m ≡ 1 (mod 4) or 2, 3 (mod 4), and θ = 2 cos(4π/9). The following facts are well known:
(a) {1, θ, θ } is an integral basis for Q 1 , (b) {1, ω} is an integral basis for k. We further assume that m is prime to 3. Since k and Q 1 are linearly disjoint over Q and their discriminants are relatively prime, we obtain the following: (c) {1, θ, θ , ω, θω, θ ω} is an integral basis for k 1 .
Since k 1 is a real cyclic extension of degree 6 over Q, we can determine the unit group E 1 by Mäki's algorithm (cf. [3, 9]). We now let
where the generators η i are obtained by this algorithm and represented as linear combinations of the integral basis (c) for k 1 . Then we can compute n (1) 2 for p = 3 because this algorithm enables us to determine either
Now we assume that m ≡ 1 (mod 3). In order to compute n
for p = 3, we need to know the p-adic valuation of N 1,0 (β 1 )
2 −1. Thus we have to find a generator
In the case where d 1 = 3d 0 , we have (β 0 ) = p 1 3d1 = (β 1 ). Hence, we may take Our programs have been executed on a Sun SPARC-station 2 using the Clanguage and on a NEC PC-9801RA using Y. Kida's UBASIC86. Remark 2. We do not need to know the entire unit group of k 1 for our purpose. It is sufficient to know only the unit group modulo cubic.
New examples of k with λ 3 (k) = 0
By executing our procedure mentioned in the previous section, we will give some examples of k with λ 3 (k) = 0 in the cases where n 1 = n 2 = 3, 4 and 5, respectively. First, we describe the following explicit example of such a k in detail. Taking the trace from k 1 to Q, we have
which is close to an integer (if it is not, then this system is not appropriate). By solving the system of equations
where θ = 2 cos(8π/9) and ω = (1 − √ 8965)/2, we obtain the following root approximately:
which is also close to an integer (if it is not, then this system is not appropriate). We then put
It is easy to verify that γ = β 3 1 , so the system (1, 2, 1, 1, 1) is really appropriate. Hence β 1 is a generator of p 1 2 . Taking the norm from k 1 to k, we have N 1,0 (β 1 ) = −723897967519 − 15454088423ω. It follows from the p-adic expansion of N 1,0 (β 1 )
Therefore we see by Theorem 1 for r = 1 that λ 3 (Q( √ 8965)) = 0.
Remark 3. In Example 1, if (r 1 , r 2 , r 3 , r 4 , r 5 ) is an appropriate system, then 3 2 θ 2r2 θ 2r3 is a cube in Q 1 . On the other hand, it is easy to see that 3θ 2 θ is a cube in Q 1 . Hence we obtain r 2 = 2 and r 3 = 1, so that it suffices for all practical purposes to search among only r 1 , r 4 and r 5 , where 0 ≤ r i ≤ 2. This is often efficient in finding an appropriate system for other examples. (1) and (2) of Theorem 1 are satisfied for r = 1, but we do not know whether λ 3 (k) = 0 or not, and the mark * * indicates that we cannot apply Theorem 1, so we do not know whether λ 3 (k) = 0 or not. For the 17 remaining k's, i.e., exactly 11, 4 and 2 k's in the cases where n 1 = n 2 = 3, 4 and 5, respectively, we can verify that Greenberg's conjecture is true by Theorem 1 for r = 1. Table 1 . The case where n 1 = n 2 = 3 for p = 3 Table 2 . The case where n 1 = n 2 = 4 for p = 3 Table 3 . The case where n 1 = n 2 = 5 for p = 3 
